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This is my attempt to understand the theory of orbital integrals on reductive groups over local fields.
I should confess right off that I follow here a variant of the motto ‘learn by teaching’. In truth, I was
tempted to make my title ‘Orbital integrals for Dummies’, but decided that this title was one for me as
reader rather than for me as author. My initial motivation in beginning this project was that the extant
expository literature seems to be quite disorganized, and certainly not suitable for Dummies. The need
for a coherent account is great. On the one hand, now that the Fundamental Lemma has been proved,
one might expect a better understanding of what is difficult and what is easy. On the other, the problems
involved in proving Langlands’ functoriality conjectures seem a bit more exposed to attack.
There are roughly speaking three threads to the topic: (1) Orbital integrals for real groups. Here there are
two subtopics of major interest: (a) the relationship with characters of irreducible representations, most
clearly stated in [Barbasch-Vogan:1980]; (b) the ‘jump conditions’ describing the nature of the singularities
of orbital integrals near points where different classes of tori meet. (2) Orbital integrals for p-adic groups.
Here the connection with fixed points on the Brutah-Tits building as well as on certain ‘Springer fibres’
is one main subtopic, and another is the definition of ‘transfer factors’ by Galois cohomology. These are
the p-adic analogue of the jump conditions on real groups, but are much more subtle. (3) The theory
of Igusa, which investigates very generally the behaviour of integrals parametrized by a base variety.
Interesting and serious questions involving algebraic geometry of varieties over non-algebraically closed
fields arise.
The theory for real groups is primarily the work of Harish-Chandra, Robert Langlands, and Diana
Shelstad, but with later additions by David Vogan, Dan Barbasch, Abderrazak Bouaziz, Jim Arthur and
a few others. This is largely concerned with the behaviour of solutions to certain differential equations.
This subject is reasonably complete.
That for p-adic fields is due to a much larger number of people, including Harish-Chandra, Langlands,
and Shelstad, and culminating recently with the proof by Ngô Bau Châu of the Fundamental Lemma.
Others whose contributions so far have been extremely important are Labesse, Kottwitz, Waldspurger,
Rogawski, Hales, and Laumon. This list should make it clear how difficult the task of summarizing all
accomplishments would be. In any case, although much has been done on this topic there are still, as far
as I can see, many mysteries.
The p-adic case is particularly interesting because it makes clear that in time the theory should have
astonishing arithmetic consequences.
The connection between Igusa’s theory and orbital integrals has had so far a somewhat unexploited
career due mostly to Langlands and Shelstad. However, in my opinion it provides the best introduction
to the subject, and that is why I shall start out with it. Orbital integrals are examples of something very
general, in which a group acts on a manifold and one wants to understand the representation of the group
on various spaces of functions on the manifold, in particular what is in some sense the quotient of the
manifold by the group. If the group is compact, this quotient is analytically rather simple, but interesting
phenomena arise when G is not compact. I shall begin with orthogonal groups G = SO(Q) acting on
quadratic spaces. Those for which G is compact are easy analytically, but nonetheless suggestive. Those
in which G is non-compact are more interesting. Although these examples, with one notable exception,
have little to do directly with orbital integrals, they should give some idea of the problems one faces,
and in a situation where one’s intuition is valuable.
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Part I. Orbital integrals
1. Compact groups

For the moment, let G be be a compact semi-simple group, T a maximal torus. Under the adjoint action
of T , the Lie algebra gC decomposes into the direct sum of T and one-dimensional eigenspaces gχ , where
χ is a character T → S, the group of complex numbers z with zz = 1. The characters appearing are the
roots of g with respect to T . If χ(t) 6= 1 for all roots χ then t is called regular, and in this case t is its own
centralizer. The corresponding orbital integral is the distribution

hOt , f i =

Z

T \G

2. The group SL2 (R)

f (g −1 tg) dg .
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